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Neutrino Magnetic Moment and the Dicyclic Group
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We show a mechanism using a discrete symmetry, the dicyclic group Qs, which naturally gives rise to
a small mass but a large transitional magnetic moment for the neutrino such that the anticorrelation be-
tween the solar neutrino intensity and the sunspot activity can be explained. The process of muonium-
antimuonium oscillation provides the most interesting constraint to the model besides neutrino physics.
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Recently, the question [1] of the neutrino magnetic
moment u, has received a great deal of attention. A
value of 4, ~(10""=10"")up (up=e/2m.) would ac-
count for the celebrated lack of solar neutrinos [2] and
furthermore would explain the apparent anticorrelation
[3] between the solar neutrino flux and the sunspot activi-
ty. Namely, through u,, a left-handed electron neutrino
would flip [1] into its sterile right-handed component or
transform (4] into the muon (or tau) antineutrino in the
magnetic field of the Sun and therefore escape detection.
To get a feeling for the above value of u,, recall that in
the standard model (SM) with vg included, u. is enor-
mously suppressed by the neutrino mass flip [5]
#,(SM)=10""[m,/(1 eV)lup, far below the current ex-
perimental limit [6] p¢(expt) <10 ~'%ug. It is not hard
[7] to extend the standard model to produce a larger u,,
for example, by introducing a singly charged scalar bo-
son. Then the suppression factor m, in the SM expres-
sion for u, will be replaced by an internal fermion mass
(say 7) in the extended theory, easily allowing u, as large
as 10 ~'%up. The trouble, unfortunately, follows immedi-
ately since the same effect produces a large [8] neutrino
mass, many orders of magnitude above the experimental
limit. This can only be avoided by excessive fine-tuning
which is undesirable. On the other hand, the supernova
1987A data put stringent constraints [9] on the magnetic
moment of the Dirac type, but not on those of the flavor-
transitional type [10].

As a way out of this, Voloshin [11] suggested using
SU(2), symmetry between v; and vi to forbid the mass
term V; v, which is a triplet under the symmetry. An ex-
ample adopting this idea can be found in Ref. [12]. Un-
der such symmetry, the magnetic moment operator
VLo is a singlet and therefore can be generated. A
more realistic implementation of this SU(2), symmetry
would be a horizontal SU(2)y symmetry [13] between
Ye, and v, (in which case one can dispose of right-
handed neutrinos). This SU(2)y symmetry is broken
preferably in a spontaneous manner. If the SUQ2)y is
global, we face the problematic Goldstone boson. On the
other hand, if the SU(2)y is local, the scale of symmetry

breaking of SU(2)y has to be at least as large as that of
the electroweak interaction, and therefore SU(2)y is lost
at low energies where it is needed to avoid large m,. To
solve this difficulty, some authors [14,15] considered the
approximate SU(2)y symmetry at the Lagrangian level.
We advocate the more aesthetic alternative [16~19] of
using discrete symmetry, since then there is no phenome-
nological limit on the breaking scale.

Recently, Raffelt {20] claimed a stringent bound, u,
<3x%10 " '2up, applicable to the transitional magnetic
moment based on the core masses of red giants at the
helium flash. Such a value of the magnetic moment
would not be large enough to explain the solar neutrino
problem. Here we take a conservative viewpoint that ig-
nores Raffelt’s bound because of the large uncertainty in
our present understanding of the stellar structure. We
are also aware of the Kamiokande result [21] which
confirms the depletion of the solar neutrino flux but dis-
favors, not yet conclusively, the anticorrelation between
the sunspot activity and the neutrino intensity. Even if
the solar neutrino problem is due to a different explana-
tion, our study is interesting in its own merit for suggest-
ing the mechanism for a large neutrino magnetic mo-
ment.

In a previous paper [18], we consider a quaternion [22]
symmetry Qg, a subgroup of SU(2)y which does the
same job as the whole continuous symmetry. It almost
worked, in the sense that it could produce naturally small
m,S1 eV. However, to enable By, to flip v, into v,, a
small fine-tuning is needed to achieve the mass difference
AmVZEImVZH —mvzrl <107 %eV2

In this Letter we suggest a much more promising solu-
tion based on a dicyclic group [22], a twelve-element
non-Abelian group which also happens to be a subgroup
of SU(2)y. The major advantage of having a larger
group is that it possesses a Z4 subgroup of L, —L,, the
Zeldovich-Konopinski-Mahmoud (ZKM) symmetry [23]
of the lepton number, which implies Am, =0, as previous-
ly addressed by Leurer and Golden [24). We will show
that this Z; symmetry can be kept unbroken naturally.
Furthermore, the model does not require any new fermion



field; all of the new physics is contained in the enlarged
Higgs sector.

Before we plunge into the details of our model, a dis-
cussion regarding the cosmological implication of discrete
symmetries is called for. In order to allow the muon-
electron mass split m,=m,, the Q¢ symmetry has to be
broken. And if it is broken spontaneously, it will lead, at
least according to the conventional wisdom, to the pro-
duction of catastrophic domain walls when the Universe
undergoes a phase transition from the unbroken phase at
high temperature. A way out was emphasized by Wein-
berg [25] and especially by Mohapatra and Senjanovié
[26], through the possibility of symmetry nonrestoration
in the multi-Higgs-boson systems. Even more appealing
is the proposal by Linde [27], according to which a
universe with a large lepton number (n —ng)/n,> |
would not undergo the usual high-temperature phase
transition, even in the case of the standard model. Since
the lepton number (or better a neutrino number) of the
Universe is not known, this exciting scenario is still very
much alive. One can also avoid this problem with a spon-
taneously broken discrete symmetry altogether by having
the symmetry broken softly, though explicitly.

We now turn to our model, but first for the sake of
completeness, discuss some essential features of Qg sym-
metry which we will use in what follows.

The dicyclic group Qs.— Qg is a twelve-element non-
Abelian group, a subgroup of SU(2). It is generated by
elements s and r satisfying

st=pd=n, srs=r? rs=5%2 pl=¢, (n
where e is the unit element and e,n is the center of the
group. This group has four one-dimensional representa-
tions Ry, R», R3, and R, and two two-dimensional ones,
Rs and Re. They can be represented more explicitly by
choosing a typical basis with s and r taking the values

si=ri=l; s;=+i, rp=-1;
$53==1, r3=1; s4=—i, rq4=—1;
(2)
. 2 .
ss=ic3, rs=—exp($iro):
2 .
s¢=—o03, re=exp(%irno).

Only Rs is a faithful representation. Here we use a basis
in which R is represented by the SU(2) matrices. From
the character table [22] of Qg, one can write down the
fusion algebra of the representations,

RsxRs=[R1“+IR;+R¢l*,
Re¢xR¢=[R;]1*+[R\+R¢l®,
RsXxR¢=R,+R4+Rs, (3)
R\XRs5=R3XRs=Rs,

R:XRs=R4xRs=Rj.

The superscripts 4 and S correspond to the antisym-
metric and symmetric combinations. Thege fusion rules
are helpful in writing down the Lagrangian with the sym-
metry.

The model.— Our strategy, following Voloshin, is sim-
ple: We use Qg to forbid the mass while allowing u,. To
this end, we postulate (Ve,v,) to be in the R s representa-
tion of Qs and the result follows in much the same
manner as with SU(2)y. Notice that we have to use R;
because the magnetic-moment operators of Weyl neutri.
nos are antisymmetric in the flavor indices, Only for R;
can the antisymmetric combination be g singlet of the
group. Besides the usual doublet ¢, of the standard mod-
el, we shall need an additional Higgs multiplet to break
the lepton-number conservation.

The particle spectrum of color singlets is displayed
below, with their transformation properties under SuU(2),
xU(1)yxQg. For leptons,

Ve € ’
LD_ V“ i . (2,—7,R5);
er: (I, —=1,R4); ug: (1,—1,R,); (4)

L.=(v, 7): (2,— 7,R3); tx: (1,—1,R;);
for Higgs bosons,

os (2, 3,R)); ¢5 (2, 7.Rs); 66 (2,%,R¢);
(5)
nd (1,1,Rs); ne (1,0,Rs) .

Quarks and gauge bosons are singlets under Qg. ‘In (5),
the subscript denotes the Qg representation. Further-
more, let us impose a Z, symmetry which transforms

Lp— —Lp, ¢s6— —ds6 Ms6— —7s.6, (6)

while the other fields are invariant. The role of these
transformations will become clear from the discussion
below. From (4) and (5), the Yukawa couplings are

Ly=hcLpocer +h.Lpdsur+h.L .07
+h,LECniL, +hsLppstr+Hec., M
and the Higgs potential is
V =ms(9so)ni+me(960Ins+1(9s6) (ning) + - -+
(8)

where in Eqs. (7) and (8), Clebsch-Gordon coefficients
for Qg are implicitly present. We display only the non-
trivial terms relevant for our discussion later.

A consistent minimum of the potential is achieved with

(p)=V, (nd)=(ps)=0,
9)

(ne) =((T]6,|,77(,,2)) =(0,v), {pe) =6(ns) ,

where we write vacuum expectation values (VEV’s) in



the Q¢ space and 8 (S1) is a mixing angle to be dis-
cussed. The electroweak scale is set by V. Equation (9)
implies that even after Qg is broken by (¢¢) and (ne), its
Z4 subgroup generated by s remains unbroken since
s(p¢) ={0¢) and s(ne) =(ne). This Z4 symmetry also pro-
tects the naturalness of the vanishing VEV’s of ¢¢ 1, 761,
¢s, and nd in (9). From (7), the 7 lepton gets the mass
from the large VEV {¢,), whereas the electron and the
muon are naturally lighter, since

m,~06h,v, m,~06h,, m,~hsV. (10)

In order to keep the Qg symmetry to as low energies as
possible, we assume v~1 GeV, §~0.1. Notice that the
model offers no explanation of why m,<m, (just
h,=200h,).

A technical remark is in order. One may worry about
the nonzero (g¢¢), since if it is driven by a conventional
negative mass-squared term, the masses of the two neu-
tral Higgs bosons will be around a few GeV naturally.
Phenomenologically, the Z gauge boson will decay into
these Higgs bosons, with the partial width equivalent to
that of one light v generation. This is ruled out [28]
experimentally. For this reason, we introduced the
SU(2); xU(1)y singlet n¢ which is allowed to have a
negative mass-squared term. Through the m¢ term in
(9), it will drive a nonzero VEV for ¢¢ even with a posi-
tive mass-squared term mQ2 for ¢¢. Therefore {gg)
=melo:Xne)/mE < (ne) for me S my,~My. All we need
is a small, but not tiny, mixing angle, 8 ={(¢¢}/(ne)~0.1,
which controls the partial width of the Z° decay.

Before we proceed with the determination of the mag-
netic moments and masses, one last technical comment is
called for. The Z; unbroken symmetry of Qg generated
by s is

et R— —ieL r, HLR—IMLR, TLR—™ —TLR,

anp

Ve —iVe, Vy—>iVy, Vi— —V,

which means that v, is decoupled from v, and v, in both
the mass terms and the magnetic-moment interaction. In
particular, only the transitional moment vio.sv, exists
and only the v,v, mass term is allowed. Simply, s
=i(L,—L,).

Magnetic moment.— The leading contribution to Q-
invariant u, is given in Fig. 1:

h5h,, m5(¢5>

: : (12)
167% mimg

Hy=em
The diagram illustrates clearly the need for n{ and ¢s.
The insertion of ms(¢s) into the diagram gives rise to the
Q¢-conserving mixing between the two doublets (Rs’s), o5
and ns. For generic values of ms~my,~my~Myw, hs
~h,~g, it gives

1 =Grmem pg/r*=10"1-10"")up. (13)

As we stressed in the introduction, a large u, can be ob-
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FIG. 1. A typical diagram for the transitional magnetic mo-
ment of the neutrino. The photon line is attached to any inter-
nal charged lines. There is a similar diagram for the neutrino
mass with the removal of the photon line and the replacement
of the ms(¢s) insertion by the A{ne){¢e) insertion. Alternatively,
one can keep ms{¢s) insertion and attach additional insertions
with Qe-violating VEV on the Higgs-boson propagators to give
the neutrino mass.

tained naturally. The anticorrelation of the solar neutri-
no and the sunspot activity demands the value of u, in
(13), which can be achieved using natural values of vari-
ous parameters of the theory.

Neutrino mass.— As a result of (13), we only have to
worry about the neutrino mass term v, Cv,. The typical
contribution is generated at the one-loop level from a
modification of the diagram of Fig. 1, by removing the
photon line and replacing the ms(¢s) insertion by the
Mne)ge) insertion. The new insertion gives rise to the
Qs-violating mass differences between the two com-
ponents of the Qg doublets, ¢s and ni. The estimate gives

hsh, p?

. —0, (14)
1672 mp

mv,v,,=7~m

where my is the largest Higgs-boson mass in the loop.
For generic values, A~e and my~My, it gives m,
=yu,020. Here lies the reason for the Z, symmetry of
(6); it provides additional quadratic suppression in v. For
#o~10""yp, m,, =6x(3 eV), well below the current
experimental bounds. There are other one-loop diagrams
with Qg-violating insertions that can contribute to m,,.,.
However, they are all of the same order of magnitude as
that in Eq. (14) and therefore our analysis above is not
affected.

Discussion.— (a) The essential condition of v,-v, flip
in the magnetic field of the Sun is that the mass dif-
ference between v, and v, be small: Am,<1072-10"°
eV. Because of the Z; subgroup of L, —L,, in our case,
the neutrino mass matrix is of the Dirac type which im-
plies Am, =0 exactly. However, some numerical analyses
[4] give an indication that a resonant effect which mimics
the Mikheyev-Smirnov-Wolfenstein phenomenon [29]
may be necessary to get large enough oscillations. If that
is the case, one needs a small, but nonzero, Am, of order
10 72-10 "3 eV. This can presumably be achieved by a



FIG. 2. A diagram for the muonium-antimuonium conver-
sion.

small breaking of the Z4 symmetry.

(b) Again, due to Z,, processes like y— ey and u
— eee are strictly forbidden. The most interesting con-
straint on the model comes from the muonium-anti-
muonium oscillation [30], (ue)-(ie), consistent with the
full L, — L, symmetry. The estimate for the strength of
the effective four-fermion vertex éy,(1—ys)uey*(l
+7s)u (see Fig. 2) is (6%/8)(m.m,/(¢6)*)Miigh. The ex-
perimental bound [31] is about 0.4GF, which is satisfied
with our assumption that the mass of the light boson as-
sociated with 7n¢ and ¢4 be about v ~1 GeV.

(c) The new charged scalar bosons from ¢¢ modify the
V' —A nature of p— ev,v, decay and imply the limit
heh, <1072 This is in accord with mem,=h,h,{pe)* or
heh,=5%10 3.

After finishing this manuscript, we became aware of a
paper by Ecker and Grimus [32] which discusses the role
of ZKM symmetry associated with some horizontal sym-
metries in the issue of the neutrino magnetic moment.

We have benefited from discussions with G. Gelmini,
C. S. Lim, R. N. Mohapatra, S. Pakvasa, S. Sarkar, D.
Seckel, and L. Wolfenstein. This work was supported in
part by the U.S. Department of Energy and in part by
the Research Corporation.
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